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Direct, particle-resolved simulations of solid–liquid fluidization with the aim of quantifying dispersion have been per-
formed. In addition to simulating the multiphase flow dynamics (that is dealt with by a lattice-Boltzmann method
coupled to an event-driven hard-sphere algorithm), a transport equation of a passive scalar in the liquid phase has
been solved by means of a finite-volume approach. The spreading of the scalar—as a consequence of the motion of the
fluidized, monosized spherical particles that agitate the liquid—is quantified through dispersion coefficients. Particle
self-diffusivities have also been determined. Solids volume fractions were in the range 0.2–0.5, whereas single-sphere
settling Reynolds numbers varied between approximately 3 and 20. The dispersion processes are highly anisotropic with
lateral spreading much slower (by one order of magnitude) than vertical spreading. Scalar dispersion coefficients are of
the same order of magnitude as particle self-diffusivities. VC 2014 American Institute of Chemical Engineers AIChE J,

60: 1880–1890, 2014

Keywords: computational fluid dynamics, fluidization, multiphase flow, mixing, simulation, multiscale

Introduction

Applications of liquid–solid fluidization1,2 include particle
classification, crystal growth, leaching, heat exchange, and
bioreactors for, for example, wastewater treatment. The proc-
esses carried out in liquid-fluidized beds in many cases rely
on scalar (heat, species) transfer brought about and enhanced
by the relative, erratic motion of solid and liquid.3–6 In
solid–liquid scalar transfer, roughly two stages can be identi-
fied. (1) Release of the scalar in the liquid through diffusion
at the solid–liquid interface. (2) Convection-dominated trans-
port as a result of the liquid flow induced by particle
motions and the pressure gradient driving the fluidization.
For liquid systems that in general have high Schmidt num-
bers (Sc 5 O(103)) the first stage is confined to narrow layers
around the solid particles with steep scalar gradients. This
article focuses on the second stage, that is, the convection of
the scalar in the interstitial liquid between the particles.
Given the complexity of the liquid flow at the scale of the
particles due to particle motion and the narrow, tortuous
flow paths between the solids in dense suspensions, we
expect the scalar spreading to depend on the (local) solids
volume fraction and particle and liquid properties. The latter,
we quantify by means of Reynolds numbers based on parti-
cle size and liquid–solid slip velocities.

In a previous article,7 an exercise similar to the one pre-
sented here was performed for granular particles. In that arti-
cle, we took a small, fully periodic sample of a granular gas
consisting of randomly moving and elastically colliding

monosized solid spheres that was one-way coupled to an
interstitial liquid. In that case, “one-way” meant that the liq-
uid was agitated by the moving solids, but the solids did not
feel the presence of the liquid. The agitation brought about
dispersion of a passive scalar contained in the liquid. This
was an isotropic system that could be characterized by a dis-
persion coefficient that was a function of the solids volume
fraction, a Reynolds number (based on the granular tempera-
ture of the solids), and the Schmidt number (the latter
dependency was not investigated in Ref. 7).

Contrary to that previous article, the fluidized systems as
studied in the present article are anisotropic in nature. There
is an average solid–liquid slip velocity in the direction of
gravity which creates anisotropic liquid flow. In addition,
particle velocity fluctuations in sedimenting (and therefore
also in fluidized) systems are known to be anisotropic with
stronger fluctuations in the vertical direction compared to the
horizontal directions.8–10 Anisotropy of particle motion will
certainly reflect in scalar spreading. Finally, relative particle
locations are not fully random in fluidization as can be wit-
nessed from radial and angular distribution functions.11,12

We therefore expect the dispersion of a scalar dissolved in
the liquid in fluidized systems to be the result of an intricate
interplay between the erratic (however, not fully random)
motion of the solid particles and the (related) flow of inter-
stitial liquid that has an average, as well as a fluctuating
component. The practical relevance of mass transfer in liq-
uid–solid fluidized systems and their complex, anisotropy
characteristics warrant a study of scalar spreading in liquid-
fluidized beds.

The literature on sedimentation is relevant to the current
research, since sedimentation and fluidization are governed
by the same (hindered settling) dynamics. The recent review
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by Guazzelli and Hinch8 summarizes current understanding
of sedimentation and hints at outstanding issues and chal-
lenges. Important topics—specifically, as here we study sca-
lar dispersion in the continuous phase, a process brought
about by random particle motion—are particle velocity fluc-
tuations and hydrodynamic (or self) diffusion of particles
and their dependency on solids volume fraction, Reynolds
number, and domain size.11,13–17 Self-diffusion can be
thought of as the particle counterpart of scalar dispersion in
the liquid phase. So far, research on particle fluctuations and
self-diffusivity has mostly (not exclusively) considered low
particle Reynolds numbers (Re � 1) in fairly dilute systems;
typically / � 0:1 and / hardly exceeding 0.4.

The aim of the current study is to quantify scalar spread-
ing in liquid–solid fluidization over a range of solids volume
fractions and Reynolds numbers. Trends in scalar dispersion
are compared to those in particle self-diffusion. With a view
to the applications we are interested in, we focus on moder-
ately dense to dense suspensions (0:2 � / � 0:5) and
“inertial” particles with single-particle settling Reynolds
numbers Re1 of order 10. The situations considered in this
article are typical for processes that involve particles with
sizes of the order of 0.1–0.5 mm in watery liquids that are
applied for leaching and electrolytic recovery of metals.2

The research described here is purely computational. It

considers monosized, solid spheres (radius a, densityqp)

immersed in Newtonian liquid (kinematic viscosity m and

density q). The three-dimensional (3-D) rectangular domain

is fully periodic and contains of the order of a thousand par-

ticles. The hydrodynamics can be largely captured by two

input parameters: the solids volume fraction / and the

single-particle settling Reynolds number Re1 � 2aU1=m. In

the simulations, we resolve the solid–liquid interfaces. A

lattice-Boltzmann (LB) method18,19 simulates the flow of

interstitial liquid. It is coupled to an immersed boundary

method that imposes no-slip at the surfaces of the particles.

The immersed boundary method provides the hydrodynamic

forces and torques that—in addition to net gravity—drive

linear and angular motion of the particles. Particle motion is

then coupled back to liquid flow through the no-slip condi-

tion. The typical resolution is such that the sphere radius a
spans six units of the uniform, cubic lattice. The spherical

particles collide according to a hard-sphere algorithm. For

estimating scalar spreading, a convection–diffusion equation

is solved by means of a finite-volume method for a scalar

with concentration c dissolved in the liquid. Solid–liquid

mass transfer is not considered. In a scalar transport sense,

the particles are inert. A zero normal gradient condition

(@c=@n50) applies at their surface.
A limitation of the current study is the size of the compu-

tational domain. The resolution demanded for the hydrody-
namic and scalar fields, the denseness of the suspension
(solids volume fraction up to 0.5), and computational
restraints do not allow for domains for which particle self-
diffusivity is expected to be independent of domain size.14

The domains used in this study are larger (generally by a
factor of two) in vertical direction compared to the horizon-
tal directions to somewhat mitigate size effects.13

Eventually, the results of the particle-resolved simulations
as presented here could find their way into less resolved sim-
ulations capturing larger (equipment size) scales such as
Euler–Euler type simulations,20 or discrete element method
simulations with unresolved particles.21 In a multiple-scales

approach, the dispersion coefficients as estimated in the pres-
ent article then would serve as effective diffusion coeffi-
cients to calculate large-scale mixing, including local effects
by considering the way the scalar dispersion process depends
on local volume fractions and slip velocities.

This article is organized along the following lines: first,
the flow system is defined by means of a set of dimension-
less numbers. In the next section, the simulation routines are
discussed: multiphase flow dynamics with resolved particles,
scalar transport, and also data analyses to determine scalar
dispersion coefficients and particle self-diffusivities. In the
Results section, first, the solid–liquid system is shown to
demonstrate the proper hindered settling behavior as
described by average velocities. Then scalar spreading is dis-
cussed and scalar dispersion is compared to particle self-
diffusivity.

Flow System

We consider fully periodic, 3-D domains that contain
incompressible Newtonian fluid with density q and kinematic
viscosity m, and uniformly sized solid spherical particles with
radius a and density qp. The domain size is W in the two
horizontal directions, and 2W in the vertical (x) direction.
The solids volume fraction / is in the range 0.20–0.50; the
aspect ratio W=a has been fixed to 24 (except for simulations
that assess domain size effects). The solid over liquid density
ratio qp=q is 4.0. Each solid sphere experiences a net gravity
force Fg52 qp2�q

� �
4
3
pa3gex, with �q5/qp1 12/ð Þq the

mixture density and g gravitational acceleration. In order to
balance forces over the periodic domain we apply a uniform
body force acting in the positive x-direction on the liquid
f5 �q2qð Þgex.22

The two main independent input variables in this study
are the solids volume fraction / and the single-particle set-
tling Reynolds number Re15U12a=m, where U1 is deter-
mined by a force balance over a sphere. In this force
balance, the drag force correlation due to Schiller and Nau-
mann23 has been used: CD524 110:15 Re0:687

1
� �

=Re1. The
range of Re1 was 3.37–17.4. The way scalar dispersion in
the liquid and self-diffusivity of particles depend on / and
Re1 is the main outcome of this research.

The concentration c of the scalar dissolved in the liquid
phase satisfies a convection–diffusion equation

@c

@t
1u � rc5Cr2c (1)

with u the liquid velocity field and C the diffusion coeffi-
cient. The Schmidt number is defined as Sc � m=C. We set
Sc 5 1000. The numerical implications of this high value
will be discussed in the next section. Periodic conditions
apply to the scalar on the planes bounding the simulation
domain. At the sphere surfaces @c=@n50 applies, with n the
direction normal to the solid surface. The scalar is passive;
its concentration field does in no way affect the flow
dynamics.

Modeling Approach

Multiphase flow simulation

We used the LB method18,19 to solve the flow of liquid in
between the spheres. The method has a uniform, cubic grid
(grid spacing D). The specific scheme used here is due to
Somers.24 The no-slip condition at the spheres’ surfaces was
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dealt with by means of an immersed boundary (or forcing)
method.25,26 In this method, the sphere surface is defined as
a set of closely spaced points (the typical spacing between
points is 0.7D), not coinciding with lattice points. At these
points, the (interpolated) fluid velocity is forced to the local
velocity of the solid surface according to a control algorithm.
The local solid surface velocity has contributions from trans-
lational and rotational motion of the sphere under considera-
tion. Adding up (discrete integration) per spherical particle,
the forces needed to maintain no-slip provides us with the
force the fluid exerts on the spherical particle. Similarly the
hydrodynamic torque exerted on the particles can be deter-
mined. Forces and torques are subsequently used to update
the linear and rotational equations of motion of each spheri-
cal particle.22

It should be noted that having a spherical particle on a

cubic grid requires a calibration step, as earlier realized by

Ladd.27 He introduced the concept of a hydrodynamic radius.
The calibration involves placing a sphere with a given radius

ag in a fully periodic cubic domain in creeping flow and

(computationally) measuring its drag force. The hydrody-
namic radius a of that sphere is the radius for which the

measured drag force corresponds to the expression for the

drag force on a simple cubic array of spheres due to Sangani
and Acrivos,28 which is an extension toward higher solids

volume fractions of the analytical expression of Hasimoto.29

Usually a is slightly larger than ag with a2ag typically equal
to half a lattice spacing or less. The simulations presented in

this article have a resolution such that a56D. Earlier simula-

tions of liquid–solid fluidization at comparable solids volume
fractions and Reynolds numbers,22 and simulations assessing

drag in static sphere assemblies30 have demonstrated that

simulations with a resolution of a56D are consistent to those
on finer grids (up to a516D).

Once the spatial resolution is fixed, the temporal resolu-
tion of the LB simulations goes via the choice of the kine-
matic viscosity m. The kinematic viscosity was set to 0.02 in
lattice units (space unit is D, time unit is one time step Dt)

so that for the default resolution the viscous time scale a2

m
corresponds to 1800Dt. The convective time scale a

U1
is in

the range 200–1900Dt. Combined with a56D, the latter
implies that particles move only over a small fraction of D
during one time step.

Fixed-grid simulations involving moderately dense suspen-
sions as discussed here require explicit inclusion of subgrid
lubrication forces31 to account for very short range interac-
tion between particles that cannot be resolved by the compu-
tational grid and thus occur at distances of particle surfaces
less than approximately one lattice spacing. A procedure for
including lubrication forces has been proposed and tested in
earlier articles.22 Only radial lubrication forces were consid-
ered in the simulations. The lubrication force model has two
parameters. The first is the distance s0 between two sphere
surfaces below which the lubrication force becomes active.
It has been set to s050:2a. In the default case of a56D,
s051:2D. The second parameter relates to surface roughness.
The radial lubrication force is inversely proportional to the
distance s between surfaces and thus diverges for s! 0.
However, once s approaches the surface roughness of the
particles, the 1=s behavior of the lubrication force is
expected no longer to be valid. In the simulations, this has
been accounted for by saturating the lubrication force once
two surfaces have a distance less than s1. The parameter s1

has been set to s15231023a and can be interpreted as a sur-
face roughness length scale.

Lubrication generally is not strong enough to prevent col-
lisions between spheres. Upon solid–solid contact, two
spheres undergo a hard-sphere collision according to the
two-parameter model of Yamamoto et al.32 The restitution
coefficient and friction coefficient were set to e 5 1 and
lf 5 0, respectively, throughout this work. The hard-sphere
algorithm is event driven: within an LB time step Dt, the
particles move with constant velocity until a collision
between two particles is detected. At that moment all par-
ticles are frozen, the binary collision is carried out (which
means an update of the linear velocities of the two particles
involved in the collision; as lf 5 0, angular velocities do not
change upon collision), and the particles continue moving
until the next collision or the end of Dt, whichever comes
first.

Scalar transport

The convection–diffusion equation in the scalar concentra-
tion c (Eq. 1) has been solved with an explicit finite-volume
scheme on the same grid as used by the LB method. To limit
numerical diffusion, we apply TVD (Total Variation Dimin-
ishing) discretization with the Superbee flux limiter for the
convective fluxes.33,34 We step in time according to an Euler
explicit scheme. We do not allow scalar concentration inside
the spherical particles. At the surface of the particles, we

impose the @c
@n 50 condition by means of a ghost-cell tech-

nique35 that involves interpolation of scalar concentrations.

The @c
@n 50 condition is also used for assigning concentrations

to grid nodes that get uncovered by a moving solid particle.
As particles typically move less than 0:025D per time step,
an uncovered node is always close to a solid–liquid inter-
face. We draw the normal out of the particle into the fluid at
the position of the uncovered node. By interpolation, we
determine the concentration on the normal one additional
grid spacing into the fluid and assign that concentration to
the uncovered node. Given the denseness of the suspension
this cannot always be done; it regularly occurs that a grid cell
gets uncovered in between two closely spaced particles, for
example, moving away from each other after a collision. The
outward normal from one particle then penetrates the other
particle so that no concentration data is available. In such
cases, we assign the average concentration in the direct vicin-
ity to the uncovered grid node, whereas keeping that vicinity
as small as possible. Particles covering and uncovering grid
nodes containing scalar makes the simulations not inherently
mass conservative; the severity of this issue has been assessed
in the Results section.

As stated above, in the computer code the Schmidt number
was set to Sc 5 1000 which means that diffusive scalar trans-
port length scales would be approximately

ffiffiffiffiffiffi
Sc
p

� 30 times
smaller than hydrodynamic scales. As the scalar grid has the
same resolution as the hydrodynamic (LB) grid, the scalar field
is likely under-resolved and we should not have the illusion that
we simulate a system with Sc 5 1000. We do, however, deter-
mine a high-Schmidt number scalar field, that is, a field domi-
nated by convection rather than diffusion. This notion is based
on experience described in our previous aricle,7 on mixing by
granular particles where it was shown that grid refinement by a
linear factor of two did not change (within 3%) scalar spreading
as quantified by the width of a scalar distribution. If under-
resolution and (related) numerical diffusion would have had
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strong impact on scalar transport, it should have appeared as a
much larger change of scalar spreading upon grid refinement.

Scalar data analysis

The two main interests in this article are scalar dispersion
and particle self-diffusion in liquid-fluidized beds, and how
much different these processes are in the vertical and horizon-
tal directions. Regarding scalar dispersion, we set up the simu-
lations such that they can be analyzed in one-dimensional (1-
D) manners (as we also did in Ref. 7). Simulations are started
from a random particle configuration, and zero liquid and
solid velocity. We switch on gravity and the balancing body
force on the liquid (see the Flow System section) and monitor
the development toward dynamically steady flow. After this
stage is reached, the scalar is introduced in horizontal and ver-
tical slabs with thickness 2a: In the liquid, in the slab c 5 1
and outside the slab c 5 0. The simulations are continued,
now including solving scalar transport equations in addition to
the multiphase flow dynamics.

Data reduction is achieved by contracting the 3-D, time
dependent concentration fields to 1-D, time dependent con-
centration distributions by averaging over the homogeneous
directions. For the vertical (x) direction: ~cvert x; tð Þ �
1

W2

ÐW
0

ÐW
0

cvert x; y; z; tð Þdydz; for a horizontal (e.g., y) direc-

tion: ~cy;hor y; tð Þ � 1
2W2

ÐW
0

Ð 2W
0

cy;hor x; y; z; tð Þdxdz.

We solve multiple (eight in total) concentration fields per
flow simulation. Each concentration field has its own initial
scalar condition (four equally spaced horizontal slabs, four
vertical slabs with two having x and z and two having x and
y as homogeneous directions). The various scalar realizations
we shift and subsequently average to limit noise. Noise is
the result of the erratic nature of the particle motion and
thus the scalar spreading process. The averaged, 1-D concen-
tration profiles are fitted to parameterized distributions (nor-
mal distributions for horizontal spreading; skewed normal
distributions for vertical spreading). The evolution of the fit-
ting parameters with time is used to quantify the spreading
process and eventually determine dispersion coefficients. The
fitting procedure is explained in more detail when discussing
the simulation results.

Particle self-diffusivity

Particle self-diffusion coefficients have been determined
through monitoring over time the mean-square displacement
of the particles due to fluctuating motion in the three coordi-
nate directions

hDx2
piðtÞ5h½xpðt1sÞ2xpðsÞ�2i2hxpðt1sÞ2xpðsÞi2

hDy2
piðtÞ5h½ypðt1sÞ2ypðsÞ�2i

hDz2
piðtÞ5h½zpðt1sÞ2zpðsÞ�2i

(2)

The hi brackets stand for ensemble averaging, which in
the practice of our simulations means that we evaluate the
time series in Eq. 2 for each particle and then average over
all particles. A correction for the average motion is only nec-
essary in the vertical (x) direction. If particle motion is a dif-
fusive process, mean-square displacements are linear in time

hDx2
pi tð Þ52Dp;vert t; hDy2

pi tð Þ52Dp;hor t; hDz2
pi tð Þ52Dp;hor t (3)

with Dp;vert and Dp;hor self-diffusion coefficients in vertical
and horizontal direction, respectively. Further details, specifi-

cally regarding the fitting procedure to determine Dp;vert and
Dp;hor from Eq. 3 are provided in the section Self-diffusion
of particles and relation to scalar spreading.

Results

Hindered settling

The simulations are started from a random assembly of
monosized, spherical solid particles in liquid in a fully peri-
odic domain with solids and liquid having zero velocity.

Figure 1. Time series of the volume–average superficial
slip velocity U.

Startup from zero particle and liquid velocity. Overall

solids volume fraction as indicated. During the dashed

parts of the curves (and beyond) scalar transport was

simulated in conjunction with multiphase flow. Re‘510.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. The Richardson and Zaki exponent N as a
function of Re ‘ for various values of the sol-
ids volume fraction /.

The lines represent dependencies of N on Re ‘ due to

Richardson and Zaki36 (solid line) and Di Felice37

(dashed line).
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This system is developed to a dynamic steady state. To mon-
itor this development, the volume–average superficial slip
velocity U between liquid and particles: U � 12/ð Þ
hui2hupi
� �

is followed in time, see Figure 1. In the expres-
sion for U, hui is the velocity in x-direction averaged over
the liquid volume and hupi the x-velocity averaged over the
particle volume. Figure 1 shows that after a time period of
tU1=2a520–30, a steady state is reached. The figure also
shows the effect of hindrance as U decreases for increasing
/ at constant Re1. The velocity scale U can be interpreted
as the particle settling speed as would be observed in a sta-
tionary reference frame (as in a settling experiment). In a
settling experiment, solids volume moving down is compen-
sated for by liquid volume moving up: hupi/1hui 12/ð Þ50;

this implies that U � 2hupi. If hindered settling is described
with a Richardson and Zaki (RZ) correlation36,37

U=U15 12/ð ÞN , the time-averaged simulated values of U
can be used to estimate the exponent N. We do so in Figure
2. The figure shows that the RZ correlation adequately cap-
tures the solids volume fraction dependency of U: the values
of N only weakly depend on /. Furthermore, values for N
and its dependency on Re1 are in reasonable agreement
with experimental data, as can be seen from the empirical
correlations36,37 included in Figure 2. The size of the simula-
tion domain has negligible influence on the results as pre-
sented in Figure 2. The case with /50:40 and Re15 10.4
that shows N 5 4.11 in Figure 2 has been repeated for a
taller domain (domain height 72a instead of the default 48a)

Figure 3. Impressions of scalar spreading in the plane y5W=2 for the flow case with /50:40 and Re ‘510 (base-
case).

Upper row: scalar that initially formed a horizontal slab halfway the domain; bottom row: vertical scalar slab. From left to right:

different moments in time; tU
2a 12/ð Þ51; 3; and 6, respectively. Only spheres with center location yp �W=22a are shown. Note the

logarithmic color scale. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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and for a wider domain (width in both horizontal directions
36a instead of the default 24a) leading to N 5 4.10 and
N 5 4.09, respectively.

Scalar spreading

After the liquid–solid system has reached a dynamic
steady state, scalar concentrations are introduced in the simu-
lations. Impressions of the scalar spreading as a result of the
motion of liquid and solid are presented in Figure 3. The
simulation shown in Figure 3 will be referred to as the base-
case. The two main variables in this work are / and Re1;
the base-case has /50:40 and Re1510:4 and further the
default settings as described above. The time instants in Fig-
ure 3 have been made dimensionless with the average slip
velocity Uslp � hui2hupi5U= 12/ð Þ. In the top row, we see
how the scalar that is initially confined to a horizontal layer
(slab) with a thickness equal to the sphere diameter gets dis-
persed. On average, the scalar is convected up as there is an
average liquid flow in the positive x-direction. We also

Figure 4. Scalar mass as a function of time for three
cases with Re‘510:4.

The scaling of scalar mass is such that ms

2aW2 � 12/.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. 1-D concentration profiles for the base-case at three moments in time as indicated.

Left: vertical scalar spreading; right: horizontal spreading. Top: profiles based on individual scalar fields (with different initial

slab locations); bottom: averages over 12 individual scalar fields. [Color figure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]
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observe that the scalar spreads asymmetrically: the concen-
tration gradients at the lower end of the scalar layer are
steeper compared to the upper end. The right panel of the
top row illustrates the periodic conditions: scalar that has left
through the top boundary re-enters through the lower bound-
ary. The bottom row of Figure 3 is based on the same liq-
uid–solid simulation (this can be judged by comparing
sphere locations). It shows the spreading of a scalar that was
initially confined to a vertical slab of thickness 2a in the
middle of the domain. The width of this scalar layer
increases at a clearly slower pace compared to the horizontal
layer, indicating anisotropic dispersion.

Figure 4 shows time series of the total scalar mass as a
function of time. As the moving spheres cover and uncover
nodes that contain scalar, and as the cover and uncover proc-
esses are not directly related, scalar mass is not inherently
conserved and Figure 4 shows weak short-time and longer-
time fluctuations. Overall mass varies by less than 1% over a
time range of

tUslp

2a 5O 10ð Þ.
Sample 1-D concentration profiles (concentration fields

averaged over homogeneous directions) are shown in Figure
5. The individual 1-D profiles confirm the qualitative obser-
vations made above: upward convection and asymmetric dis-
tributions for horizontal scalar layers spreading in vertical
direction; narrower (and symmetric) distributions for vertical
layers that spread horizontally. The scatter in the individual
1-D profiles hinders further analysis of the scalar dispersion
process. For this reason, we generate multiple 1-D profiles
under the same physical conditions and average them. In the
first place, each simulation has multiple, independent scalar
layers (four horizontal, four vertical). The spacing between

the layers is W=2512a so that the local particle assemblies
that are responsible for the spreading process can be consid-
ered statistically independent. In the second place, we repeat
the simulations a few times, starting from different (fully
developed) initial liquid–solid flow conditions. In the bottom
part of Figure 5, the profiles are the average of 12 realizations
(three simulations with four scalar fields per simulation). Fur-
ther analysis will be based on these average, 1-D distributions,
and the way they develop in time. Our main interest is in the
variance of the distributions to quantify scalar spreading.

We have tried to determine variance and also skewness of
concentration distributions in various ways and have eventu-
ally settled on a procedure based on curve fitting. It has the
advantage of taking into account the periodicity of the simu-
lation domain. Given computational limitations on the size
of the flow domains, periodic copies of scalar distributions
start to interfere at fairly early stages of the spreading pro-
cess; that is, the head of one distribution quickly overlaps
with the tail of the next. Directly integrating the discrete
data constituting distribution functions to determine their
moments introduces two errors: overlap of subsequent distri-
butions, and clipping of distributions to the length or width
of the domain. The alternative is fitting the distributions to
assumed functions for which we use analytical expressions
and then calculating the moments of the fitted functions. By
fitting to periodic repetitions of the analytical functions,
rather than to a single function, the periodicity of the simula-
tions is directly accounted for.

Given the symmetry in horizontal directions, a natural
choice for the horizontal distribution function is the normal
distribution with variance r2 and average l

Figure 6. Average concentration profiles (red curves) at different moments in time, and their fits (black dashed
curves).

Base-case conditions. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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ĉy;hor y; tð Þ5 1

r tð Þ
ffiffiffiffiffiffi
2p
p exp 2

y2lð Þ2

2r2 tð Þ

" #
(4)

The superscript ^ indicates a fitting function. Simulated
horizontal profiles are shifted such that l5W=2 and l is not
a degree of freedom in the fitting process, only r is. The ver-
tical concentration distributions are clearly nonsymmetric,
see Figure 5, left panels. These are fitted to a skewed normal
distribution38 defined as

ĉvert x; tð Þ5 1

x tð Þ
ffiffiffiffiffiffi
2p
p 11erf

a tð Þ x2nð Þ
x tð Þ

ffiffiffi
2
p

 !" #
exp 2

x2nð Þ2

2x2 tð Þ

" #

(5)

with now three fitting parameters: n;x tð Þ; and a tð Þ. The
parameter n controls the (arbitrary) location of the distribution
along the (vertical) x-axis. Our main interest is in how x and
a evolve in time since they determine variance r2 and also
skewness c
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The choice for a skewed normal distribution is a purely
heuristic one and is justified by an apparent match between
simulation data and the fitting function. As noted above,
rather than fitting a single function, we fit periodic repeti-
tions of Eqs. 4 and 5 that are shifted by y56W for Eq. 4
and x562W for Eq. 5. Sample fitting results are given in
Figure 6 for vertical, as well as for horizontal concentration
distributions related to the base-case.

The manner in which r2
vert increases with time as given in

the top panel of Figure 7 is typical. There is an initial non-
linear stage due to the top-hat (i.e., non-Gaussian) initial
concentration profile. Then there is a linear portion, and
finally the curve levels off and sometimes starts showing
erratic scatter (as the spike in Figure 7). The leveling off
(and scatter) is the result of interference between periodic
copies, combined with a weak signal compared to the inher-
ent noise in the concentration distributions at later stages.
Time series of r2

hor (bottom panel of Figure 7) behave simi-
larly at the start but stay linear for a longer period of time.
Clearly the horizontal spreading is slower and thus less
plagued by the issues that make r2

vert level off at later times.
We usually are able to identify a time window after start-

up and before leveling over which r2
vert increases linearly

Figure 7. Red curves: time series of the variance of the
concentration profile in vertical direction
(r2

vert ) and horizontal direction (r2
hor ).

The dashed lines are best fits of the approximately linear

portions of the red curves. Base-case conditions. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 8. Dimensionless scalar dispersion coefficients in vertical (avert left) and horizontal direction (ahor right) as a
function of solids volume fraction / for four different Re‘ as indicated.

Error estimates: 620% for avert ; 610% for ahor .
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and we base the scaled scalar dispersion coefficient on fitting

these portions with straight lines:
r2

vert

2að Þ2 5Kvert
Uslp

2a t1offset. As

diffusion/dispersion processes behave as r252Dt, the fitting

parameter Kvert 5
Dvert

aUslp
is a nondimensional dispersion coeffi-

cient in which the index vert denotes vertical dispersion.
However, to conform with the experimental literature10 on
particle self-diffusivity where diffusivity is scaled with
velocity U instead of Uslp , our results on scalar dispersion

will be presented as avert 5
Kvert

12/ð Þ5
Dvert

aU . The same fitting pro-

cedure is used to find the scaled horizontal scalar dispersion
coefficient ahor . Based on reproducibility tests, we estimate
the uncertainty for avert as 620%. The reproducibility of
ahor is significantly better: it has an estimated error of
610%. The difference in errors is mainly due to the linearity

of r2 extending over longer time for horizontal spreading.
Results of the scalar dispersion coefficients in vertical and

horizontal direction as a function of solids volume fraction
for four values of Re1 are given in Figure 8. Dispersion
coefficients in the horizontal direction are one order of mag-
nitude lower than in vertical direction. The trends in horizon-
tal and vertical spreading with respect to / and Re1 are,
however, the same. At the high end of solids volume frac-
tions, avert and ahor are largely independent of Re1, and are
at the relatively low values of 5 and 0.5, respectively. Upon
decreasing /, the dimensionless dispersion coefficients
increase. They do so in ways that depend on the Reynolds
number, the increase being stronger for the lower Re1. In
the range 0:25 � / � 0:35 vertical and horizontal dispersion
coefficients reach maximum values. The decrease of avert

and ahor that occur when / is lowered further again depends
on Re1, with hardly any decrease for Re153.3 (the lowest
Re1) and strong decrease for Re1517 (the highest Re1).

For interpretation of these results, first the results on self-
diffusivity of particles are discussed.

Self-diffusion of particles and relation to scalar
spreading

Examples of ensemble-averaged mean-square displace-
ment of particles as a function of time in vertical (x) and
horizontal (y) direction are given in Figure 9. After a start-
up phase, the time series show approximately linear behav-
ior. We note that the experimental time series presented in
Ref. 10 look very similar, including the nonlinearity for short
times (Figure 9 in Ref. 10), as what is shown in Figure 9 (in
the current article). As expected, vertical mean-square dis-
placement is stronger (by almost an order of magnitude)
than horizontal mean-square displacement. To determine
self-diffusion coefficients, the straight parts of the time series
have been fitted with linear function, the slopes of which are
the self-diffusion coefficients. The scaling of self-diffusion
coefficients with particle radius and average particle settling
velocity as applied here is in accordance with Ref. 10; the
nondimensional self-diffusion coefficients in vertical and
horizontal direction are recognized as bvert 5

Dp;vert

aU
and bhor 5

Dp;hor

aU , respectively. Linearities of mean-square dis-
placement with time generally span a significant time win-
dow leading to relatively low uncertainties in bvert and bhor .
They are estimated as 610% based on reproducibility tests.

In Figure 10, it is shown how self-diffusivity depends on
the solids volume fraction for four different Reynolds num-
bers. The first, important observation is that self-diffusivity
and scalar dispersion coefficients (see Figure 8) have the

same order of magnitude in vertical as well as in horizontal
direction. In addition, the trends in self-diffusivity and scalar
dispersion with respect to solids volume fraction and Reyn-
olds number are quite similar. As was the case for scalar dis-
persion, at the high end of / (/50:5), self-diffusivity is
virtually independent of Re1. Toward lower solids volume
fractions, self-diffusivities increase, go through a maximum
(which occurs in the range 0:3 � / � 0:35) and then—at
least if Re1 � 6:0—decrease again. For the lowest Reynolds
number (Re153:3) self-diffusivity levels off toward the low
/ end to bvert � 8and bhor � 1:2. Eventually—according to
Nicolai et al.10 for / � 0:1 (i.e., outside the range studied in
the current article)—self-diffusivity will start decreasing
toward zero again.

The main difference between self-diffusivity and scalar
dispersion coefficients is that the former tend to zero toward
dense systems, whereas the latter do not. Extrapolation of

Figure 9. Red curves: time series of the mean-square
displacement in vertical (x) direction and hor-
izontal (y) direction.

The dashed lines are best fits of the approximately lin-

ear portions of the red curves. Base-case conditions.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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the trends in self-diffusivity for / � 0:45 teaches that self-
diffusivities would reach zero at / � 0:58. With random
close packing near / � 0:62,22 particles seemingly have
hardly any space to maneuver beyond / � 0:58. Scalar dis-
persion, conversely, does not come to a halt at random close
packing. For very dense systems dispersion remains finite as
a result of liquid being convected through an (almost)
packed bed. In addition to average motion, the tortuous path
the liquid goes brings about dispersion (random motion).
This then would be the main scalar transport mechanism at
high solids volume fractions.

In our previous work on scalar mixing by moving par-
ticles,7 the dominant mechanism for scalar spreading was
particles carrying scalar with them while moving through the
liquid (we call this Mechanism-1; in short M1). Earlier we
identified dispersion as a result of liquid flowing through the
tortuous spaces in between the particles (packed-bed-type
dispersion) as a second mechanism for scalar spreading
(M2). The presence of these two mechanisms tentatively
explains the behavior of scalar dispersion for the lower sol-
ids volume fractions. For lower solids volume fractions, hori-
zontal scalar dispersion coefficients have values comparable
to self-diffusion coefficients in horizontal direction. We,
therefore, hypothesize that M1 is dominant for horizontal
scalar spreading: scalar spreads to the same extent as par-
ticles spread. In vertical direction, scalar dispersion is some
50% stronger than self-diffusion which makes us conclude
that next to M1, M2 also contributes to scalar spreading.
The enhancement of scalar spreading by M2 can be appreci-
ated by the vertical scalar distributions in Figure 5 (left pan-
els) that particularly show a widening of the distribution in
the direction of the average liquid flow.

The trends in self-diffusivity (horizontal as well as vertical)
for the lower Re1 bear resemblance with the experimental

results in Ref. 10 (their Figure 11; note that some of the data
from Ref. 10 have been included in our Figure 10). The experi-
mental data were obtained under creeping flow conditions (par-
ticle-based Reynolds numbers <1023). As witnessed from
Figure 10, an increase in Re1 reduces (strongly for / < 0:4)
the self-diffusivities. This is understood by the argument pointed
out by Yin and Koch14 that lower Reynolds numbers imply lon-
ger range interactions and therefore stronger diffusivity.39 As
trends in scalar dispersion and self-diffusivity are similar, higher
Reynolds numbers thus imply lower scalar dispersion coeffi-
cients; an effect that gets stronger towards lower /.

For the base-case (/50:40 and Re15 10.4), effects of
domain size on self-diffusivities have been investigated. Based
on, for example, results for /50:20 in Ref. 14, such effects
are deemed significant. Results for taller and wider (compared
to the default size) domains are summarized in Table 1. They
show a systematic increase of self-diffusivities with increasing
size of the domain in vertical (x) as well as horizontal direc-
tion (y and z). While the differences are almost within the
accuracy margins (estimated at 10%), domain size issues need
to be investigated further. We plan to do so in future work.

Summary and Conclusions

Particle-resolved simulations of solid–liquid fluidization
have been performed with an emphasis on convection and
diffusion of a passive scalar dissolved in the liquid. The
spreading of the scalar through the liquid phase is deemed
relevant for the mass transfer characteristics of this multi-
phase system. It has been quantified by a dispersion coeffi-
cient and we investigated how this coefficient behaved as a
function of the solids volume fraction (/), and the Reynolds
number based on the single-particle, terminal settling veloc-
ity (Re1).

Figure 10. Dimensionless particle self-diffusivity in vertical (bvert left) and horizontal direction (bhor right) as a func-
tion of solids volume fraction / for four different Re‘ as indicated.

Uncertainties in bvert and bhor have been estimated as 610%. Experimental self-diffusivity data from Nicolai et al.10

(at Re‘<1023) have been included for reference.
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Scalar spreading in the vertical direction is one order of
magnitude stronger than in the horizontal directions. Vertical
as well as horizontal scalar dispersion coefficients are of the
same order of magnitude as the respective particle self-
diffusion coefficients. This lends credit to a model that iden-
tifies particle migration as an important source for scalar
spreading. Where, however, self-diffusion comes to a halt
when approaching random close packing, scalar dispersion is
clearly nonzero in such situations. Scalar is then being trans-
ported and dispersed in ways similar as in packed beds.

The way scalar dispersion depends on Re1 is consistent
with what has been observed (in this article and in the litera-
ture14) for self-diffusion: a reduction of dispersion at
increased Reynolds numbers as a result of shorter-range
hydrodynamic interactions between spheres.

An important issue to be addressed is how the results on
scalar dispersion coefficients and self-diffusivity depend on
domain size and (related) the presence of bounding walls. In
terms of average velocities and hindered settling behavior, it
was shown that the domains are sufficiently large for the
results to be independent of size. For self-diffusivity, however,
systematic effects regarding domain size were observed.
These effects qualitatively agree with results from the litera-
ture,13,14 where it needs to be borne in mind that the solids
volume fractions in this study are generally higher than what
has been reported previously.
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Table 1. Self-Diffusivities for the Base-Case, Effect of Domain Size

nx 3 ny 3 nz 48 3 24 3 24a3 (default) 72 3 24 3 24a3 48 3 36 3 36a3

bvert 3.27 3.55 3.67
bhor 0.469 0.498 0.490
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